
Important Stuff From Physics 441

Fundamental Constants:

εo = 8.85× 10−12C2/N ·m2 µo = 4π × 10−7N/A2
c = 3.00× 108m/sec e = 1.60× 10−19C me = 9.11× 10−31kg

Chapter 1

Most important vector in E&M:

Vector from r′ to r : r− r′ ; |r− r′| =
√

r2 + r′2 − 2r · r′ =
√

r2 + r′2 − 2rr′ cos θ .

Taylor Expansion:

f(a + x) = f(a) + f ′(a)x +
1
2
f ′′(a)x2 + ...

1
n!

f (n)(a)xn + ...

Vector derivatives (gradient, divergence, and curl):

∇f ; ∇ · F ; ∇× F : know what they mean.

Laplacian Operator:

∇2f = ∇ · ∇f

Vector Identities:

(1)
A · (B×C) = B · (C×A) = C · (A×B)

(2)
A× (B×C) = B(A ·C)−C(A ·B)

(3)
∇(fg) = f(∇g) + g(∇f)

(4)
∇(A ·B) = A× (∇×B) + B× (∇×A) + (A · ∇)B + (B · ∇)A

(5)
∇ · (fA) = f∇ ·A + A · (∇f)

(6)
∇ · (A×B) = B · (∇×A)−A · (∇×B)

(7)
∇× (fA) = f(∇×A)−A× (∇f)

(8)
∇× (A×B) = (B · ∇)A− (A · ∇)B + A(∇ ·B)−B(∇ ·A)

Second derivatives:

(9)
∇ · (∇×A) = 0

(10)
∇×∇f = 0

(11)
∇× (∇×A) = ∇(∇ ·A)−∇2A
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Integral theorems:

Gradient :
∫ rb

ra

∇f · dl = f(rb)− f(ra)

Divergence Theorem (Gauss′s Law) :
∫

V

∇ · F dV =
∮

S

F · da

Stokes Theorem (Ampere′s and Faraday′s Laws) :
∫

S

∇× F · da =
∮

C

F · dl

2



Spherical coordinates:

x = r sin θ cos φ î = sin θ cos φ r̂ + cos θ cos φ θ̂ − sinφ φ̂

y = r sin θ sinφ ĵ = sin θ sinφ r̂ + cos θ sinφ θ̂ + cos φ φ̂

z = r cos θ k̂ = cos θ r̂ − sin θ θ̂

r =
√

x2 + y2 + z2 r̂ = sin θ cos φ î + sin θ sinφ ĵ + cos θ k̂

θ = tan−1 (
√

x2 + y2/z) θ̂ = cos θ cos φ î + cos θ sinφ ĵ − sin θ k̂

φ = tan−1 (y/x) φ̂ = − sinφ î + cos φ ĵ

Calculus in spherical coordinates:

Line and volume elements:

dl = drr̂ + rdθθ̂ + r sin θdφφ̂ dτ = r2 sin θdrdθdφ

Gradient:

∇f =
∂f

∂r
r̂ +

1
r

∂f

∂θ
θ̂ +

1
r sin θ

∂f

∂φ
φ̂

Divergence:

∇ · v =
1
r2

∂

∂r
(r2vr) +

1
r sin θ

∂

∂θ
(sin θvθ) +

1
r sin θ

∂vφ

∂φ

Curl:

∇× v =
1

r sin θ

[
∂

∂θ
(sin θvφ)− ∂vθ

∂φ

]
r̂ +

1
r

[
1

sin θ

∂vr

∂φ
− ∂

∂r
(rvφ)

]
θ̂ +

1
r

[
∂

∂r
(rvθ)−

∂vr

∂θ

]
φ̂

Laplacian of a Scalar Field:

∇2f =
1
r2

∂

∂r

(
r2 ∂f

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1
r2 sin2 θ

∂2f

∂φ2

Laplacian of a Vector Field:

∇2A =
(
∇2Ar −

2Ar

r2
− 2

r2

∂Aθ

∂θ
− 2 cot θAθ

r2
− 2

r2 sin θ

∂Aφ

∂φ

)
r̂+(

∇2Aθ +
2
r2

∂Ar

∂θ
− Aθ

r2 sin2 θ
− 2 cos θ

r2 sin2 θ

∂Aφ

∂φ

)
θ̂ +

(
∇2Aφ −

Aφ

r2 sin2 θ
+

2
r2 sin θ

∂Ar

∂φ
+

2 cos θ

r2 sin2 θ

∂Aθ

∂φ

)
φ̂
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Cylindrical coordinates:

x = s cos φ î = cos φ ŝ− sinφ φ̂

y = s sinφ ĵ = sinφ ŝ + cos φ φ̂

z = z k̂ = k̂

s =
√

x2 + y2 ŝ = cos φ î + sinφ ĵ

φ = tan−1 (y/x) φ̂ = − sinφ î + cos φ ĵ

z = z k̂ = k̂

Calculus in cylindrical coordinates:

Line and volume elements:

dl = dsŝ + sdφφ̂ + dzk̂ dτ = sdsdφdz

Gradient:

∇f =
∂f

∂s
ŝ +

1
s

∂f

∂φ
φ̂ +

∂f

∂z
k̂

Divergence:

∇ · v =
1
s

∂

∂s
(svs) +

1
s

∂vφ

∂φ
+

∂vz

∂z

Curl:

∇× v =
[
1
s

∂vz

∂φ
− ∂vφ

∂z

]
ŝ +

[
∂vs

∂z
− ∂vz

∂s

]
φ̂ +

1
s

[
∂

∂s
(svφ)− ∂vs

∂φ

]
k̂

Laplacian of a Scalar Field:

∇2f =
1
s

∂

∂s

(
s
∂f

∂s

)
+

1
s2

∂2f

∂φ2
+

∂2f

∂z2

Laplacian of a Vector Field:

∇2A =
(
∇2As −

As

s2
− 2

s2

∂Aφ

∂φ

)
ŝ +

(
∇2Aφ +

2
s2

∂As

∂φ
− Aφ

s2

)
φ̂ +∇2Az ẑ
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Chapter 2

Electric field is made by electric charge:

E(r) =
∑

i

qi(r− ri)
4πεo|r− ri|3

+
∫

C

(r− r′)λ(r′)dl′

4πεo|r− r′|3
+

∫
S

(r− r′)σ(r′)da′

4πεo|r− r′|3
+

∫
V

(r− r′)ρ(r′)dτ ′

4πεo|r− r′|3

Gauss’s Law:

Integral form :
∮

E · n da =
qenc

εo
; Differential form : ∇ ·E =

ρ

εo

Curl of E:

Integral form :
∮

E · dl = 0 ; Differential form : ∇×E = 0

Electrostatic potential (voltage) is made by electric charge:

V (r) =
∑

i

qi

4πεo|r− ri|
+

∫
C

λ(r′)dl′

4πεo|r− r′|
+

∫
S

σ(r′)da′

4πεo|r− r′|
+

∫
V

ρ(r′)dτ ′

4πεo|r− r′|

Boundary conditions on E and V at a surface:

V is continuous

Tangential component : E‖ is continuous Normal component : ∆E⊥ =
σ

εo

Force, electric field, and potential energy:

F = qE ; E = −∇V ; U = qV ; F = −∇U

Potential Energy:

U =
∑
pairs

qiqj

4πεorij
=

1
2

∑
qjVj =

1
2

∫
V

ρV dτ

Energy Density:

u(r) =
εo

2
E2 ; U =

∫
all space

u(r)dτ

Capacitance:

Q = C∆V ; U =
1
2
C∆V 2 ; C =

εA

d
(parallel plate)

C = C1 + C2 + ... (parallel) ;
1
C

=
1
C1

+
1
C2

+ ... (series)
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Chapter 3

Solving Laplace’s and Poisson’s Equations:

∇2V = 0 ; ∇2V = − ρ

εo
Know the uniqueness and superposition theorems for Laplace.

With one independent variable, just integrate twice:

Cartesian :
d2V

dx2
= 0 ; Cylindrical :

1
s

d

ds

(
s
dV

ds

)
= 0 ; Spherical :

1
r2

d

dr

(
r2 dV

dr

)
= 0

With two independent variables, use separable solutions:

Cartesian (x, y):

x-functions y-functions
cos px, sin px cosh py, sinh py, e±py

cosh px, sinh px, e±px cos py, sin py

Cylindrical (s, φ):

m φ-functions s-functions
0 1 ln s (charged wire) ; 1 (additive constant)
1 cos φ , sinφ 1/s (dipole) ; s (uniform field)
2 cos 2φ , sin 2φ 1/s2 (quadrupole) ; s2 (external quadupole)
. . .
. . .
m cos mφ , sinmφ 1/sm ; sm

Spherical (r, θ):

n θ-functions r-functions
0 1 1/r (point charge) ; 1 (additive constant)
1 P1(cos θ) = cos θ 1/r2 (dipole) ; r (uniform field)
2 P2(cos θ) = 1

2 (3 cos2 θ − 1) 1/r3 (quadrupole) ; r2 (external quadupole)
. . .
. . .
n Pn(cos θ) 1/rn+1 ; rn

Useful Trig Identities:

cos2 θ + sin2 θ = 1

cos 2θ = cos2 θ − sin2 θ ; sin 2θ = 2 cos θ sin θ

cos2 θ =
1 + cos 2θ

2
; sin2 θ =

1− cos 2θ

2

cos 3θ = −3 cos θ + 4 cos3 θ ; sin 3θ = 3 sin θ − 4 sin3 θ

cos 4θ = 8 cos4 θ − 8 cos2 θ + 1 ; sin 4θ = 8 cos3 θ sin θ − 4 cos θ sin θ ;
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Image Charge Method:

Add the potentials of point charges to build equipotential planes, spheres, and cylinders.

Plane:
For an infinite conducting plane and a point charge (or a charged wire) a distance d above it, get the total V by using

an image of opposite sign but equal magnitude located a distance d below the plane.

Cylinder:
For a conducting cylinder of radius a and a charged wire with linear charge density λ a distance d away from the

center of the cylinder, the total V can be computed by using an image wire with λ′ = −λ located a distance b = a2/d
away from the center of the cylinder, toward the charged wire on the outside.

Sphere:
For a grounded conducting sphere of radius a and a point charge q a distance d away from the center of the sphere,

the total V can be computed by using an image charge with q′ = −aq/d located a distance b = a2/d away from the
center of the sphere, toward the point charge on the outside.

Electric Dipoles:

p = ql (from − to + ) =
∫

rρ(r)dτ

Dipole electrostatic potential and field:

V (r) =
p · r

4πεor3
; E(r) =

(3(p · r̂)r̂ − p)
4πεor3

Dipole energy, torque, and force:

U = −p ·Eexternal ; N = p×Eexternal ; F = (p · ∇)Eexternal
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Chapter 4

Polarization:

P =
∆p
∆V

Polarization Charge Densities:

ρp = −∇ ·P ; σp = P · n

D, χe, ε, K:

General:

D = εoE + P ; ∇ ·D = ρf

Linear media:

P = ε0χeE ; D = εE ; ε = εo(1 + χe) ; ε = Kεo

Boundary Conditions (n2 points into medium 2):

V2 − V1 = 0 ; (same as E2‖ − E1‖ = 0) ; normal component : (D2 −D1) · n2 = σf (1)

Energy density in linear dielectrics:

u(r) =
1
2
D ·E

Forces and Torques:

Fx = −∂U

∂x
, N = −∂U

∂θ
(constant Q) ; Fx = +

∂U

∂x
, N = +

∂U

∂θ
(constant V)

Molecular Field and Polarizability:

p = αE P =
∆p
∆V

P = NαEelse

Clausius-Mosotti:

P =
Nα

(1−Nα/3ε0)
E ; χe =

Nα/ε0
(1−Nα/3ε0)

; α =
3εo(K − 1)
N(K + 2)
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Chapter 5

Lorentz-Newton Force Law:

F = ma = m
dv
dt

= m
d2r
dt2

= q(E + v ×B)

Particle Motion:

In a uniform magnetic field a particle moves at constant velocity along B and executes rotational motion in the plane
perpendicular to B at cyclotron frequency ωc and with Larmor radius rL:

ωc =
qB

m
; rL =

v⊥
ωc

where v⊥ means the magnitude of the particle velocity perpendicular to the magnetic field. If a uniform electric field E
is also present then E‖, the component of E along the magnetic field, accelerates the particle along the magnetic field
line and E⊥, the component perpendicular to B, causes the particle to drift sideways at the E×B velocity:

vD =
E×B

B2

Since the magnetic force is always perpendicular to v, magnetic forces do no work. Hence, B can change a particle’s
direction, but can’t speed it up or slow it down.

Current and Current Densities:

I =
dQ

dt
; I = λv ; K =

dI
d`⊥

= σv ; J =
dI

da⊥
= ρv

I =
∫

Kdl⊥ =
∫

S

J · da

Magnetic Forces on Currents:

F = I

∫
dl×B =

∫
(K×B)da =

∫
(J×B)dτ

Continuity Equation:
Charge is conserved, so if there is current flow into or out of some region, the charge density there must change:

∇ · J = −∂ρ

∂t

Loop and Junction Laws, Resistors:∑
∆Vj = 0 ;

∑
Ij = 0 ; R = R1 + R2 + ... (series) ;

1
R

=
1

R1
+

1
R2

+ ... (parallel)

Biot-Savart Law:

B(r) =
µoI

4π

∮
C

dl′ × (r− r′)
|r− r′|3

=
µo

4π

∫
S

K(r′)× (r− r′)
|r− r′|3

da′ =
µo

4π

∫
V

J(r′)× (r− r′)
|r− r′|3

dτ ′

Maxwell’s Equations (steady currents):

∇ ·B = 0 ; ∇×B = µoJ

Ampere’s Law: ∮
C

B · dl = µoIenclosed ; Ienclosed =
∫

S

J · da
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Vector Potential:

B = ∇×A ; A(r) =
µo

4π

∫
V

J(r′)dτ ′

|r− r′|
(if ∇ ·A = 0, Coulomb gauge)

Boundary conditions on B and A at a surface:

A is continuous

Tangential to the surface there are two cases:

B parallel to K is continuous.

B perpendicular to K jumps

∆Btangent = µ0K

Use the right-hand rule on K to see which way the field jumps.

Perpendicular to the surface we have
B⊥ is continuous

These two statements can be combined into one if we let n̂ be the normal to the surface pointing into the region
above the surface and away from the region below it. Then

Babove −Bbelow = µ0K× n̂

Magnetic Dipoles:

A(r) =
µo

4π

m× (r− r′)
|r− r′|3

; m = Ia =
1
2
I

∮
C

r× dl ; N = m×B

U = −m ·B ; F = ∇(m ·B) = (m · ∇)Bvacuum

Pole Analogy:

North poles are “positive” and south poles are “negative.” The “surface magnetic charge density” is given by σm = M ·n.

Chapter 6

Magnetization:

M =
∆m
∆V

Magnetization Currents:

Jb = ∇×M ; Kb = M× n

H, χm, µ:

H =
1
µo

B−M ; ∇×H = Jf ; M = χmH ; B = µH ; µ = µo(1 + χm)

Boundary Conditions (n̂ points into the above region.)

H‖
above −H‖

below = Kfree × n̂

H⊥
above −H⊥

below = −(M⊥
above −M⊥

below)
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